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MINIMAL SURFACES FROM INFINITESIMAL DEFORMATIONS OF
CIRCLE PACKINGS
WAI YEUNG LAM
Abstract. We study circle packings with the combinatorics of a triangulated disk in the plane
and parametrize deformations of circle packings in terms of vertex rotation and cross ratios. We
show that there is a Weierstrass representation formula relating infinitesimal deformations of circle
packings to discrete minimal surfaces of Koebe type. Furthermore, every minimal surface of Koebe
type can be extended naturally to a discrete minimal surface of general type. In this way, discrete
minimal surfaces via Steiner’s formula are unified.
1. Introduction
William Thurston proposed circle packings as a discrete analogue of holomorphic functions [24]. A
circle packing is a configuration of circles with prescribed tangency patterns. By varying radii, there
are many circle packings in the plane with the same tangency pattern. Motivated from the classical
theory that holomorphic functions map infinitesimal circles to infinitesimal circles, Thurston suggest
two circle packings with the same combinatorial structure exhibit a discrete holomorphic function.
Using this idea, Rodin and Sullivan proved the convergence of circle packings to the Riemann mapping
[20]. It results in a rich theory with many applications. For example, David Eppstein showed that
every circle packing yields a configuration of planar soap bubbles [8].
Further notions of discrete holomorphic functions have been proposed, such as circle patterns and
vertex scaling. A circle pattern is a configuration of circles where neighboring circles intersect with
prescribed angles [25, Chap. 13]. In the case where all intersection angles are pi/2, it is called an
orthogonal circle pattern [22]. Generally, given a triangle mesh in the plane, one can assign each
triangular face with its circumscribed circle and obtain a circle pattern. Instead of circles, vertex
scaling concerns the edge lengths of the triangle mesh [18, 4]. Both theories are closely related and
can be expressed neatly in terms of complex cross ratios [17].
An ongoing development for discrete holomorphic functions is their connection to the discrete
surface theory [3]. Particularly, it motivates from the Weierstrass representation in the smooth theory
that every simply connected surface in space with vanishing mean curvature corresponds to a pair of
holomorphic functions. It is interesting to obtain an analogous statement in the discrete theory, i.e.
to obtain discrete minimal surfaces from discrete holomorphic functions.
However, similar to the case of discrete holomorphic functions, several definitions of discrete minimal
surfaces have been proposed but their relation remains unclear. One approach to define discrete
minimal surfaces is via Steiner’s formula, which relates the mean curvature of a surface to the area of
its parallel surfaces. Suppose f : U ⊂ R2 → R3 is a smooth surface with Gauss map N : U → S2. For
small t, we have parallel surfaces f t := f + tN and Gauss map N t = N . Steiner’s formula states that
the area 2-form of the parallel surfaces can be written as
〈f tx × f ty, N〉dx ∧ dy = (1− 2Ht+Kt2)〈fx × fy, N〉dx ∧ dy
where H and K is the mean curvature and the Gaussian curvature of f . Following the smooth theory,
Bobenko, Pottmann and Wallner [5] defined mean curvature for polyhedral surfaces f : V → R3
equipped with certain vertex normals N : V → R3 such that f t := f + tN has planar faces with face
normals unchanged. In this case, the area of f t on every face φ is written in the form
Area(f + tN)φ = (1− 2Ht+Kt2) Area(f)φ(1)
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where H and K is defined as the mean curvature and the Gaussian curvature of f on the face φ with
respect to N . A discrete surface is minimal if its mean curvature H vanishes.
Nevertheless there are two problems in defining discrete minimal surfaces via Steiner’s formula.
Firstly, there is an ambiguity in the choice of N [12]. Different choices of vertex normals lead to
different classes of discrete minimal surfaces. In order to generalize previous examples from integrable
systems, Bobenko, Pottmann and Wallner [5] considered three kinds of polyhedral surfaces N as vertex
normals:
• Vertex offset: N has vertices on the unit sphere and N is parallel to f , i.e. Nj −Ni ‖ fj − fi
for every edge ij ∈ E.
• Edge offset (Koebe type): N has edges tangent to the unit sphere and N is parallel to f . In
this case, N is also called a Koebe polyhedral surface.
• Face offset: N has faces tangent to the unit sphere and N is parallel to f .
Secondly, it is unclear how to obtain these discrete minimal surfaces in a way analogous to Weierstrass
representation formula from discrete holomorphic functions in general. Previous construction were
restricted to quadrilateral meshes and special circle patterns [2, 3].
In order to unify the different classes of discrete minimal surfaces and relate them to discrete
holomorphic functions, the author [16] considered a generalization of discrete minimal surfaces:
Definition 1.1. Suppose f : V → R3 is a polyhedral surface. We define its integrated mean curvature
H : F → R for every face φ
(2) φ = (v1, v2, . . . , vn, vn+1 = v1) ∈ F 7→ Hφ =
n∑
j=1
`jj+1 tan
αjj+1
2
where ` and α denote edge lengths and dihedral angles over edges. We say f is a discrete minimal
surface of general type if H ≡ 0.
The quantity ` tan α2 is regarded as the principal curvature across edges, which vanishes if and only
if the two neighboring faces are flattened. An important feature of the mean curvature formula (2)
is that it is well defined for all polyhedral surfaces in space without referring to the choice of vertex
normals. In the special case that a polyhedral surface admits face offsets, the formula (2) coincides
with the mean curvature in Steiner’s formula [14].
In [16, 17], the author showed that there is a one-to-one correspondence between infinitesimal
deformations of circle patterns and discrete minimal surfaces of general type via a Weierstrass rep-
resentation formula. These discrete minimal surfaces include all the minimal surfaces via face offset
and all the known examples via vertex offset. It remains a question if they include minimal surfaces
via edge offset, which are called Koebe type in [1] (see Section 5). The goal of this paper is to unify
this remaining type of discrete minimal surface.
We first introduce discrete holomorphic quadratic differentials of Koebe type derived from infini-
tesimal deformations of circle packings (Proposition 4.6). Considering a circle packing in the plane
with the combinatorics of a triangulated disk G = (V,E, F ), it is known that the circle packing admits
non-trivial deformations with the same tangency pattern whenever G has more than three boundary
vertices. In particular, we call the change in cross ratios under an infinitesimal deformation of a circle
packing as a discrete holomorphic quadratic differential (see Section 3). It is analogous to the classical
Schwarzian derivative that measures the degree how a conformal deformation fails to be a Mo¨bius
transformation.
We then establish a Weierstrass representation for discrete minimal surfaces of Koebe type in terms
of discrete holomorphic quadratic differentials (Theorem 5.2). Together with Proposition 4.6, it implies
the correspondence between discrete minimal surfaces of Koebe type and infinitesimal deformations
of circle packings.
Furthermore, we show that there is a natural construction to obtain a discrete minimal of general
type from that of a Koebe type (Theorem 6.1), which leads to a unification of discrete minimal
surfaces. It is known that every circle packing with the combinatorics of a triangle mesh admits a
DEFORMATIONS OF CIRCLE PACKINGS 3
dual circle packing. The union of the two circle packings forms an orthogonal circle pattern, which is a
configuration of circles where neighbouring circles intersect orthogonallly. An infinitesimal deformation
of a circle packing then induces an infinitesimal deformation of the underlying circle pattern preserving
the intersection angles. It has been shown in [16] that the later yields a discrete minimal surface of
general type.
The main results are summarized in the following diagram.
Infinitesimal deformations of circle packings Infinitesimal deformations of circle patterns
Holomorphic quadratic differentials of Koebe type
Minimal surfaces of Koebe type Minimal surfaces of general type
Proposition 4.6
Theorem 5.2
Theorem 6.1
[16]
Discrete minimal surfaces play an important role in structure-preserving discretization of differential
geometry. Among many possible definitions of curvature for polyhedral surfaces, we are interested in
those with rich mathematical structures and have connection to other established discrete theories.
For example, this paper relates the integrated mean curvature formula (Eq. (2)) to circle packings.
Finding a proper definition of discrete minimal surfaces is a cornerstone to establish discrete analogues
of classical differential geometry like Bernstein’s theorem.
In section 2, we review notations and previous results on circle packing as well as discrete minimal
surfaces. In section 3 we discuss parametrization of circle packings in terms of cross ratios. In
section 4, we consider infinitesimal deformations of circle packings and derive discrete holomorphic
quadratic differentials. In section 5, a Weierstrass representation formula is established to obtain
discrete minimal surfaces of Koebe type from discrete holomorphic quadratic differentials. In section
6, we show that every discrete minimal surface of Koebe type can be extended naturally into that
of general type. In section 7, we purpose another parametrization of circle packings using vertex
rotation.
2. Background
We consider a circle packing in the plane with the combinatorics of a triangulated disk G =
(V,E, F ) with boundary. Each vertex u ∈ V (G) is associated with a circle Cu of radius Ru centered
at cu in such a way that for every edge uv ∈ E(G), circles Cu and Cv touch at zi (Figure 1). We
denote Vint ⊂ V and Eint ⊂ E the set of interior vertices and interior edges. Furthermore we consider
the set ~E of oriented edges. The edge oriented from u to v is written as euv ∈ ~E(G) and euv 6= evu.
A (primal) 1-form of G is a function on oriented edges ~E(G) such that ω(euv) = −ω(evu). A dual
1-form of G is a 1-form on the dual graph.
Circle patterns are generalizations of circle packings where neighboring circles are allowed to
intersect. Instead of the tangency of circles, two circle patterns have the same pattern structure if
the corresponding intersection angles are the same. For a triangle mesh z : V → C in the plane, a
circle pattern is induced from the circumscribed circles of the faces. The intersection angles define a
function on the interior edges.
A circle packing of the combinatorics of a triangle mesh induces an orthogonal circle pattern
(Fig. 2). For every three pairwise touching circles Cu, Cv, Cs, their tangency points zi, zj , zk lie on a
circle that intersect the three circles orthogonally. These additional circles form a so-called dual circle
packing. Combining a circle packing with its dual, we obtain an orthogonal circle pattern (Fig. 2
center).
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Figure 1. Two neighboring triangles containing the edge uv ∈ E(G) (left) and the
edge {ij} ∈ E(TMG) (right)
Figure 2. A circle packing with the combinatorics of a triangle mesh (left) induces
a dual circle packing (center). The two together form an orthogonal circle pattern.
The tangency points become the vertices of the medial graph of the given triangle
mesh. On the right, the medial graph consists of hexagonal faces and triangular faces.
The tangency points of a circle packing form a realization of the medial graph (Fig. 2 right)
with vertices as the intersection points of the induced orthogonal circle pattern. Combinatorially, the
medial graph MG has a vertex for every edge of G. Two vertices of MG are connected by an edge
if their corresponding edges of G occur consecutively in a face of G. Each face of MG corresponds
either to a face of G or an interior vertex of G. We denote TMG as a triangulation of the medial
graph MG.
Mo¨bius transformations in C ∪ {∞} are generated by Euclidean motions and inversions. They
are conformal and map circles to circles. Trivial deformations of circle packings are generated by
Mo¨bius transformations. Since we are interested in continuous deformations of a circle packing,
without further notice we focus on orientation-preserving Mo¨bius transformations, which are in the
form z 7→ az+bcz+d for some a, b, c, d ∈ C such that ad− bc = 1.
In [17], discrete holomorphic quadratic differentials were introduced to parametrize infini-
tesimal deformations of circle patterns preserving the intersection angles (see Proposition 4.2).
Definition 2.1 (Lam-Pinkall [17]). Let z : V → C be a realization of a triangle mesh with zi 6= zj for
all {ij} ∈ E. A function q : Eint → R is called a holomorphic quadratic differential of general type if
it satisfies for every interior vertex i ∈ Vint ∑
j
qij = 0∑
j
qij
zj − zi = 0
where qij = qji and the sum is taken over all the edges connecting to i.
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In the case of a circle packing with the combinatorics of a triangle mesh G, an orthogonal circle
pattern is induced. We will consider tangency points of the circles as the realization z : V (TMG)→ C
and holomorphic quadratic differentials q : E(TMG) → R defined on a triangulation of the medial
graph.
Discrete minimal surfaces of general type in Definition 1.1 can be constructed from holomor-
phic quadratic differentials via a Weierstrass representation formula.
Proposition 2.2 (Lam [16]). Suppose z : V → C is a realization of a triangular mesh and q : Eint → R
is a holomorphic quadratic differential. Then there exists Fˆ : F → C3 such that for every edge
{ij} ∈ Eint
(3) Fˆleft(eij) − Fˆright(eij) =
qij
zj − zi
 1− zizji(1 + zizj)
zi + zj

where left(eij), right(eij) denote the left and the right face of eij. We consider N : V → S2 the
stereographic projection of z
N :=
1
1 + |z|2
 2 Re z2 Im z
|z|2 − 1

and assume Ni 6= −Nj for {ij} ∈ E. Then we have
(1) Im(Fˆ) : F → R3 is a discrete minimal surface of general type.
(2) Re(Fˆ) : F → R3 is a reciprocal parallel mesh of N .
The converse also holds: given a reciprocal parallel mesh of N or a polyhedral surface with H ≡ 0
and face normal N , there exists a holomorphic quadratic differential q on z satisfying Eq. (3).
Re(Fˆ) is called a reciprocal parallel mesh of N since it is defined on the dual graph such that each
dual edge is parallel to its primal edge. The analogue of considering minimal surfaces as reciprocal
parallel meshes in the smooth theory is known to Liebmann and Sabitov [21, p. 199].
The two surfaces Re(Fˆ) and Im(Fˆ) form a conjugate pair of minimal surfaces, though the realization
Re(Fˆ) is generally not a polyhedral surface.
3. Parametrizations of circle packings
We consider two equivalent parametrizations of circle packings – cross ratios as circle packing and
cross ratios as circle patterns which is key to the unification of discrete minimal surfaces.
3.1. Cross ratios as circle packings. He and Schramm [11] proposed to describe circle packings in
terms of cross ratios since they are invariant under Mo¨bius transformations. Suppose {uv} ∈ E(G) is
an interior edge shared by two neighboring faces {uvs}, {vut}. We denote zi the point of tangency of
the circles Cu and Cv. The two circles Cs, Ct touch respectively Cu and Cv at zj , zk, zm, zn as in Fig.
1 (left). We associate the edge {uv} with the cross ratio
cr†uv := cr(zi, zj , zk, zn) = cr(zi, zm, zn, zj).
Mapping zi to infinity by inversion, the image of zj , zk, zm, zn form a rectangle. The cross ratio cr
†
is then the aspect ratio of the rectangle and hence is purely imaginary. It defines a purely imaginary
function cr† : Eint(G)→ iR. The following is straightforward [11, 15].
Proposition 3.1. Suppose C and C˜ are two circle packings of the combinatorics of a triangle mesh
in the plane. Then they differ by a Mo¨bius transformation if and only if
cr† ≡ c˜r†.
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3.2. Cross ratios as circle patterns. Every circle packing is associated with a dual circle packing
and the two together form an orthogonal circle pattern (Fig. 2 center). The points of tangency in
the circle packing induce a realization of the medial graph of the triangle mesh (Fig. 2 right). The
vertices are then regarded as the intersection points of the induced circle pattern.
The faces in the media graph MG formed by the tangency points of the circle packing are bipartite.
One kind of faces correspond to the circles in the packing and the other kind of faces are triangular
which are associated to the interstices (Figure 2 right). We triangulate the media graph MG without
adding new vertices and obtain a triangulation TMG. Every unoriented edge {ij} ∈ E(TMG) is
associated with a complex number
crij := cr(zj , zk, zi, zl) =
(zj − zk)(zi − zl)
(zk − zi)(zl − zj) = crji(4)
where {ijk} and {jil} are two neighboring triangles (Fig. 1 right). In this way a function cr :
Eint(TMG) → C is induced. The argument of the cross ratio indicates the intersection angle of the
neighboring circumscribed circles, which implies Arg cr = pi/2 orpi for the induced orthogonal circle
pattern. The following observation is immediate:
Proposition 3.2. Suppose TMG a triangulation of the medial graph and z : V (TMG) → C is the
tangency points of a circle packing C. Then z˜ : V (TMG)→ C is the tangency points of another circle
packing C˜ if and only if
Arg cr ≡ Arg c˜r.
Furthermore, the circle packings differ by a Mo¨bius transformation if and only if
cr ≡ c˜r.
In particular it implies that the cross ratios of two circle packings only differ in the magnitude | cr |.
4. Infinitesimal deformations of circle packings
We consider the change in cross ratios under infinitesimal deformations, which motivates the defi-
nition of holomorphic quadratic differentials.
4.1. Holomorphic quadratic differentials of general type. In this subsection, we review a result
in [17] that studied the change in cross ratios cr under infinitesimal deformations of circle patterns
that preserve the intersection angles. Recall that there exists a unique Mo¨bius transformation Γ ∈
SL(2,C)/{Id,−Id} (i.e. a fractional linear transformation) that maps any three distinct points zi in
the plane to any other three distinct points z˜i:
Γ
(
zi
1
)
= βi
(
z˜i
1
)
for some βi ∈ C
On the infinitesimal level, one can also deduce that any infinitesimal deformation of three distinct
points in the plane is induced by a unique infinitesimal Mo¨bius transformation Φ ∈ sl(2,C), that is a
2 by 2 matrix with trace zero.
Lemma 4.1. Suppose z1, z2, z3 ∈ C are three distinct points and z˙1, z˙2, z˙3 ∈ C are three arbitrary
vectors. Then there exists a unique Φ ∈ sl(2,C) such that for i = 1, 2, 3
Φ
(
zi
1
)
= µi
(
zi
1
)
+
(
z˙i
0
)
for some µi ∈ C. Equivalently, Φ ∈ sl(2,C) is uniquely determined by
z˙i = det
(
Φ
(
zi
1
)
,
(
zi
1
))
for i = 1, 2, 3
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Suppose z : V (MG) → C denotes the tangency points of a circle packing and z˙ : V (MG) → C
the change in the tangency points induced from an infinitesimal deformation of a circle packing. We
take a triangulation TMG of the medial graph and have V (TMG) = V (MG). Then there exists a
unique Φˆ : F (TMG)→ sl(2, C) such that for every face {ijk} ∈ F (TMG) the matrix Φˆijk relates the
vertices zi, zj , zk to their changes z˙i, z˙j , z˙k via Lemma 4.1. For an edge {ij} ∈ Eint(TMG) shared by
{ijk} and {jil} (see Figure 1 right), the matrix Φˆijk− Φˆjil thus has eigenvectors
(
zi
1
)
and
(
zj
1
)
.
Since the intersection angle of the circumscribed circles is preserved, the matrix has real eigenvalues
q and −q .
Proposition 4.2 (Lam-Pinkall [17]). Suppose z : V (MG) = V (TMG) → C is the tangency points
of a circle packing with the combinatorics of a triangulated disk G. Then a function Φˆ : F (TMG)→
sl(2, C) represents an infinitesimal deformation on the induced orthogonal circle pattern that preserves
intersection angles if and only if there exists q : Eint(TMG)→ R satisfying for {ij} ∈ Eint(TMG)
Φˆijk − Φˆjil = qij
zj − zi
( zi+zj
2 −zizj
1
zi+zj
2
)
.
In particular, q is a holomorphic quadratic differential of general type and q = c˙r/ cr. The deformation
is induced by a global Mo¨bius transformation if and only if q ≡ 0.
4.2. Holomorphic quadratic differentials of Koebe type. In this subsection, we consider the
change in cross ratios cr† under infinitesimal deformations of circle packings.
Lemma 4.3. Using the notation of Figure 1 left, we define a function ω : ~Eint → C on oriented
interior edges
ω(euv) :=
(zk − zi)(zm − zi)
zm − zk =
(zj − zi)(zn − zi)
zn − zj = −ω(evu)
which is a 1-form with value ω(euv) tangent to Cu, Cv at their tangency point zi.
Proof. Mapping zi to infinity under inversion, the image of the four neighboring points form a rec-
tangle. Following its parallelogram property, we have
1
zk − zi −
1
zm − zi =
1
zj − zi −
1
zn − zi
and hence ω is well defined. We show that it is a vector tangent to the neighboring circles at the point
of tangency. Applying a Mo¨bius transformation T (z) = az+bcz+d with ad− bc = 1, we have another circle
packing C˜ with tangency points z˜ = T ◦ z which defines ω˜. One can show
dTz(ω(euv)) =
ω(euv)
(czi + d)2
= ω˜(euv).
In particular, we take T the Mo¨bius transformation that sends zi, zk, zm to 1, i =
√−1,−i and then
ω˜(euv) = i is tangent to the unit circle at the image of zi. Thus, the above formula implies ω(euv) is
tangent to Cu and Cv at zi. 
Definition 4.4. Suppose z : V (TMG) = V (MG)→ C denotes the tangency points of a circle packing
C. A function λ : Eint(G)→ R is called a holomorphic quadratic differential of Koebe type if for every
interior vertex u ∈ Vint(G) ∑
v
λuv
ω(euv)
= 0
∑
v
λuv
ω(euv)
zi = 0
∑
v
λuv
ω(euv)
z2i = 0
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where ω(euv) =
(zk−zi)(zm−zi)
zm−zk .
Remark 4.5. The system of equations are redundant and can be reduced to three real equations per
interior vertex.
Considering an infinitesimal deformation of a circle packing that preserve the tangency pattern,
we denote z˙ : E(G) = V (MG)→ C the infinitesimal change in the tangency points. Lemma 4.1 (see
Fig. 1 left) implies that there exists a unique Φ : F (G)→ sl(2,C) such that for every face {uvs} the
matrix Φuvs relates the tangency points zi ∈ Cu ∩ Cv, zj ∈ Cv ∩ Cs, zk ∈ Cs ∩ Cu to their changes
z˙i, z˙j , z˙k. We suppose edge {uv} is shared by two faces {uvs}, {vut}. Then the matrix Φuvs − Φvut
has eigenvector
(
zi
1
)
. In fact, the difference of the matrices is a linearization of parabolic Mo¨bius
transformations with zi fixed. Mapping zi to infinity, the image of Cu and Cv becomes two parallel
lines and the difference of the matrices turns into an infinitesimal translation in the direction of the
parallel lines. A detailed argument is carried out by Orick [19, Proposition 2.9.1], whose linearization
leads to quadratic differentials of Koebe type:
Proposition 4.6. Suppose z : V (MG) → C denotes the tangency points of a circle packing with
the combinatorics of a triangulated disk G. Then a function Φ : F (G) → sl(2, C) represents an
infinitesimal deformation of the circle packing if and only if there exists λ : Eint(G) → R satisfying
for {uv} ∈ Eint(G)
(5) Φuvs − Φvut = λuv
ω(euv)
(
zi −z2i
1 −zi
)
.
In particular, λ is a holomorphic quadratic differential of Koebe type and λ = c˙r†/ cr†. The deforma-
tion is induced by a global Mo¨bius transformation if and only if λ ≡ 0.
Proof. Suppose Φ is given by an infinitesimal deformation of the circle packing, then the form (5)
follows from Orick [19, Proposition 2.9.1]. For any interior vertex u ∈ Vint(G), we have∑
v
λuv
ω(euv)
(
zi −z2i
1 −zi
)
=
∑
v
(Φuvs − Φvut) = 0
and hence λ is a quadratic differential of Koebe type. Conversely, if λ is a quadratic differential of
Koebe type, the right hand side of (5) defines a closed 1-form on the dual graph. By integration, we
obtain Φ : F (G) → sl(2, C) which is unique up to a constant. In the notation of Figure 1, we can
further define
z˙i := det
(
Φuvs
(
zi
1
)
,
(
zi
1
))
= det
(
Φvut
(
zi
1
)
,
(
zi
1
))
since
(
zi
1
)
is an eigenvector of Φuvs − Φvut. It can be verified that z˙ : V (MG) → C is the change
in the tangency points under an infinitesimal deformation of the circle packing. And z˙ is unique up
to a global infinitesimal Mo¨bius transformation, which depends on the additive constant from Φ.
It remains to prove that the change in cross ratios is described by λ = c˙r†/ cr†. Recall that Φvut
maps zi, zm, zn to z˙i, z˙m, z˙n while Φuvs maps zi, zj , zk to z˙i, z˙j , z˙k. We denote z˙
′
m the image of zm
under Φuvs. Then
c˙r†uv
cr†uv
=
z˙i − z˙j
zi − zj −
z˙j − z˙k
zj − zk +
z˙k − z˙m
zk − zm −
z˙m − z˙i
zm − zi
=(
z˙i − z˙j
zi − zj −
z˙j − z˙k
zj − zk +
z˙k − z˙′m
zk − zm −
z˙′m − z˙i
zm − zi ) +
z˙′m − z˙m
zk − zm −
z˙m − z˙′m
zm − zi
=0 + (z˙′m − z˙m)
zk − zi
(zk − zm)(zm − zi)
(6)
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where we used the fact that cross ratios are preserved by global Mo¨bius transformations. To find
z˙′m − z˙m, we know there is µm ∈ C by lemma 4.1 such that(
z˙′m − z˙m
0
)
= (Φuvs − Φvut)
(
zm
1
)
− µm
(
zm
1
)
=
λuv
ω(euv)
(
zi(zm − zi)
(zm − zi)
)
− µm
(
zm
1
)
The identity on the second row yields µm =
λuv
ω(euv)
(zm − zi) and hence the first row implies
z˙′m − z˙m = −
λuv
ω(euv)
(zm − zi)2
Substituting it into (6), we deduce that c˙r†/ cr† = λ. In particular, z˙ is generated by a global
infinitesimal Mo¨bius transformation if and only if λ ≡ 0. 
5. Discrete minimal surfaces of Koebe Type
We show that discrete minimal surfaces of Koebe type can be constructed from holomorphic qua-
dratic differentials of Koebe type via a Weierstrass representation formula. Recall that a Koebe
polyhedral surface is a polyhedral surface with edges tangent to the unit sphere. As discussed in the
introduction, discrete minimal surfaces of Koebe type are derived from Steiner’s formula with vertex
normals as a Koebe polyhedral surface. Recall that given a polyhedral surface f : V → R3, its area
for each face φ = (v1, v2, . . . , vn, vn+1 = v1) is the magnitude of
~A(f)φ =
∑
j
fj × fj+1.
Suppose N : V → R3 is a vertex normal which defines a family of parallel surfaces f t := f+ tN . Then
~A(f t)φ =
∑
j
fj × fj+1 + t(
∑
j
fj ×Nj+1 +Nj × fj+1) + t2(
∑
i
Nj ×Nj+1).
By comparing to Steiner’s formula (Eq. 1), we deduce that the mean curvature Hφ is proportional to∑
j
fj ×Nj+1 +Nj × fj+1.
Definition 5.1 (Bobenko-Pottmann-Wallner [5]). A polyhedral surface f : V → R3 with a Koebe
polyhedron N : V → R3 as edge offset is a discrete minimal surface of Koebe type if its mean curvature
with respect to N defined by Steiner’s formula vanishes, i.e. for every face φ = (v1, v2, . . . , vn, vn+1 =
v1) ∑
j
fj ×Nj+1 +Nj × fj+1 = 0.
On the other hand, it is known that circle packings are closely related to Koebe polyhedral surfaces.
The intersection of a Koebe polyhedral surface with the unit sphere yields a circle packing on the
sphere. Taking the pole of the faces induces another Koebe polyhedron and the dual circle packing.
Conversely, every circle packing C on the sphere that admits a dual circle packing C∗ is the intersection
of a Koebe polyhedron with the unit sphere. For such a circle packing C with the combinatorics G,
we denote NC : F (G) → R3 the vertices of the Koebe polyhedral surface whose intersection with
the sphere is the circle packing C and NC∗ : V (G) → R3 the dual Koebe polyhedral surface whose
intersection with the sphere is the dual circle packing C∗. In the following we consider circle packings
that correspond to Koebe polyhedral surfaces. This property is always satisfied if G is triangulated.
Theorem 5.2. Suppose C is a circle packing with the combinatorics of a simply connected surface G
that admits a dual circle packing. We denote MG the medial graph and z : V (MG)→ C the tangency
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points of the circles. We assume λ : Eint(G) → R is a discrete holomorphic quadratic differential of
Koebe type. Then there exists a realization of the dual mesh F : F (G)→ C3 such that
dF(euv) := Fleft(euv) −Fright(euv) =
λuv
ω(euv)
 1− z2ii(1 + z2i )
2zi
(7)
where left(euv) and right(euv) denote the left and the right face of euv while zi is the tangency point
of circles Cu and Cv. Furthermore
(1) ReF is a discrete minimal surface of Koebe type with vertex normal NC and
(2) ImF is a reciprocal parallel mesh of NC∗ , i.e. ImF has corresponding edges parallel to those
of NC∗ and is defined on the dual graph of NC∗ .
The corresponding edge lengths of ReF and ImF are the same.
Conversely, given a discrete minimal surface of Koebe type or a reciprocal parallel mesh of NC∗ ,
there exists a unique discrete holomorphic quadratic differential of Koebe type satisfying (7).
The idea is similar to Proposition 2.2. We rewrite the equations of the holomorphic quadratic
differentials as the closeness of a C3-valued 1-form. The following two lemmas can be verified directly.
Lemma 5.3. 
∑
v
λuv
ω(euv)
= 0∑
v
λuv
ω(euv)
zi = 0∑
v
λuv
ω(euv)
z2i = 0
⇐⇒
∑
v
λuv
ω(euv)
 1− z2ii(1 + z2i )
2zi
 = 0
Lemma 5.4. Let σ : C→ S2 ⊂ R3 be the stereographic projection:
σ(z) =
1
1 + |z|2
 2 Re z2 Im z
|z|2 − 1
 .
Then for any v ∈ TzC
dσz(v) =
2|v|2
(1 + |z|2)2 Re(
1
v
 1− z2i(1 + z2)
2z
) ∈ Tσ(z)S2 ⊂ R3
Proof of Theorem 5.2. By Lemma 5.3, the right hand side of Eq. (7) defines a closed dual 1-form on
G. Since G is simply connected, the 1-form is exact and hence F : F (G)→ C3 exists.
We then examine ReF and ImF respectively. Lemma 5.4 implies that Re dF(euv) is parallel to
dσz(
ω(euv)
λuv
). Because λuv is real and ω(euv) is tangent to Cu and Cv at the tangency point zi, it yields
that Re dF(euv) is tangent to σ(Cu) and σ(Cv) at σ(zi). We thus deduce that NC is parallel to ReF :
Re(Fleft(euv) −Fright(euv)) ‖ (NC,left(euv) −NC,right(euv)).
On the other hand iω(euv) is tangent to both Cijk and Cimn. Lemma 5.4 again leads to
Im(Fleft(euv) −Fright(euv)) ‖ (NC∗,v −NC∗,u).
Hence ImF is a so-called reciprocal parallel mesh of NC∗ because their combinatorics are dual to each
other and the corresponding edges are parallel.
Furthermore, every edge of ReF differs from that of ImF by a 90-degree rotation:
Im dF(euv) = Re( λuv
iω(euv)
 1− z2ii(1 + z2i )
2zi
) = σ(zi)× Re dF(euv)
since the stereographic projection σ is conformal and |σ(zi)| = 1.
It remains to show that ReF has vanishing mean curvature in order to be a discrete minimal
surface of Koebe type (Definition 5.1). We consider a face φ = (v1, v2, . . . , vn, vn+1 = v1) of ReF . We
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denote σ(zjj+1) the point where the line NC,jNC,j+1 touches at the sphere. Then its mean curvature
defined by Steiner’s formula is proportional to∑
j
ReFj ×NC,j+1 +NC,j × ReFj+1 =− 2
∑
j
(ReFj+1 − ReFj)× NC,j+1 +NC,j
2
=− 2
∑
j
(ReFj+1 − ReFj)× σ(zjj+1)
=2
∑
j
ImFj+1 − ImFj
=0
(8)
since both (NC,j+1 +NC,j)/2 and σ(zjj+1) lie on the line NC,jNC,j+1 and hence (NC,j+1 +NC,j)/2−
σ(zjj+1) is parallel to ReFj+1 − ReFj .
The converse argument is similar to the proof of Proposition 2.2 as in [16]. To see this, suppose
f is a discrete minimal surface of Koebe type with vertex normal N . Since N is a Koebe polyhedral
surface, its intersection with the sphere yields a circle packing with the combinatorics G (which admits
a dual circle packing). We consider the stereographic projection of the circle packing in the plane and
denote z : V (MG)→ C the tangency points.
We claim that there exists F : F (G) → C3 in the form of (7) for some λ : Eint → R such that
f = ReF and hence λ is the desired holomorphic quadratic differential of Koebe type. Pick an edge
{uv} ∈ E(G) and write zi the tangency point of Cu and Cv. Notice that f : F (G)→ R3 is parallel to
N = NC by definition and hence parallel to dσzi(ω(euv)) by Lemma 5.4. We deduce that there exists
λ : Eint → R such that
fleft(euv) − fright(euv) = Re(
λuv
ω(euv)
 1− z2ii(1 + z2i )
2zi
)
In particular, for every u ∈ V (G)
Re(
∑
v
λuv
ω(euv)
 1− z2ii(1 + z2i )
2zi
) = ∑
v
(fleft(euv) − fright(euv)) = 0
Furthermore, reversing the argument in (8) yields
Im(
∑
v
λuv
ω(euv)
 1− z2ii(1 + z2i )
2zi
) = ∑
v
σ(zi)× (fleft(euv) − fright(euv))
=
∑
v
(Nleft(euv) +Nright(euv))
2
× (fleft(euv) − fright(euv))
= 0
since f has vanishing mean curvature over each face. Thus for every u ∈ V (G)
∑
v
λuv
ω(euv)
 1− z2ii(1 + z2i )
2zi
) = 0
and hence λ is a discrete holomorphic quadratic differential of Koebe type by Lemma 5.3.

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Figure 3. A discrete minimal surface of Koebe type from an infinitesimal deforma-
tion of the hexagonal circle packing
6. From Kobe type to general type
Infinitesimal deformations of circle packings yield two types of holomorphic quadratic differentials,
which lead to two kinds of discrete minimal surfaces. In this section, we prove the main theorem
that a discrete minimal surface of Koebe type can be extended to a minimal surface of general type
naturally and the extension depends only on the triangulation of the medial graph. The proof is
straightforward using the sl(2,C)-representation for infinitesimal deformations of circle packings in
Proposition 4.2 and Theorem 4.6.
Theorem 6.1. Suppose z : V (MG)→ C is the tangency points of a circle packing with the combina-
torics of a triangulated disk G and TMG is a triangulation of the medial graph MG with V (TMG) =
V (MG). Then there is a one-to-one correspondence between holomorphic quadratic differentials of
Koebe type λ : Eint(G)→ R and those of the general type q : Eint(TMG)→ R.
Furthermore, the holomorphic quadratic differentials respectively define realizations F : F (G)→ C3
and Fˆ : F (TMG) → C3 via the Weierstrass representation formulas (Proposition 2.2 and Theorem
5.2). We have
Fˆ |F (G) = F
up to a translation.
Proof. Every infinitesimal deformation of a circle packing induces a vector field on the tangency
points z˙ : V (MG) → C. Lemma 4.1 then implies that there are unqiue Φ : F (G) → sl(2,C)
and Φ˜ : F (TMG) → sl(2,C) that describe infinitesimal Mo¨bius transformations over each face.
Proposition 4.2 and Proposition 4.6 further yields that Φ and Φ˜ correspond to holomorphic quadratic
differential of Koebe type λ and that of general type q respectively:
λ
Proposition 4.6←−−−−−−−−→ z˙ Proposition 4.2←−−−−−−−−→ q
Secondly, in the notation of Figure 1 left, a face {uvs} ∈ F (G) has tangency points zi ∈ Cu ∩ Cv,
zj ∈ Cv ∩ Cs, zk ∈ Cs ∩ Cu which form a face {ijk} ∈ F (TMG) on the other hand. It yields an
injection F (G) ↪→ F (TMG). By construction,
Φˆijk = Φuvs
and we have Φˆ|F (G) = Φ.
We consider an interior edge {uv} ∈ E(G) and the two neighboring triangles {uvs}, {vut} ∈ F (G)
(see Figure 1 left). The five tangency points are denoted by zi, zj , zk, zm, zn. We write the other points
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of tangency on Cu connecting to zi as zn = z1, z2, . . . zp = zj , i.e. {i1}, {i2} . . . {ip} ∈ E(TMG). Then
λuv
ω(euv)
(
zi −z2i
1 −zi
)
= Φuvs − Φvut = Φˆijk − Φˆimn =
p∑
r=1
qij
zr − zi
(
zi+zr
2 −zizr
1 zi+zr2
)
It implies
Fuvs −Fvut = λuv
ω(euv)
 1− z2ii(1 + z2i )
2zi
 = p∑
r=1
qir
zr − zi
 1− zizri(1 + zizr)
zi + zr
 = Fˆijk − Fˆimn.
Hence we deduce that
Fˆ |F (G) = F
up to translation. 
7. Discrete harmonic functions
In this section, we divert our attention from discrete minimal surfaces to another equivalent
parametrization of circle packings: vertex rotation. Using this approach, infinitesimal deformations
of a circle packing correspond to discrete harmonic functions with respect to the cotangent Laplacian.
We discuss its relation to the known approach of discrete harmonic functions using the change in radii
of circles.
7.1. Vertex rotation. Luo [18] introduced a notion of discrete conformality based on the edge lengths
of a triangle mesh – vertex scaling. Motivated by his approach, we introduce vertex rotation to
describe deformations of circle packings. Vertex rotation was first considered on circle patterns where
neighboring circles intersect [17].
Definition 7.1. Two triangle meshes z, z˜ : V → C differ by vertex rotation if there exists α : V → R
such that
z˜j − z˜i
|z˜j − z˜i| = e
i(αi+αj)
zj − zi
|zj − zi|
for every interior edge {ij}.
With an analogue of Ptolemy’s theorem, we extend vertex rotation to medial graphs induced from
circle packings.
Lemma 7.2. Let z1, z2, z3, z4 and z˜1, z˜2, z˜3, z˜4 be two collections of con-cyclic points in the plane C.
Suppose α1, α2, α3, α4 ∈ R satisfy
z˜j − z˜i
|z˜j − z˜i| = e
i(αi+αj)
zj − zi
|zj − zi|(9)
for any five pairs of points i 6= j. Then it holds as well for the remaining pair.
Proof. We assume Eq.(9) holds for pairs of points: 12, 23, 34, 13, 14. We show that it holds for the
pair 24 as well. Since zi’s are con-cyclic, their cross ratios are real. The sign of the cross ratio changes
if we permute two neighboring vertices. Hence
cr(z1, z3, z2, z4)
| cr(z1, z3, z2, z4)| = −
cr(z1, z2, z3, z4)
| cr(z1, z2, z3, z4)| = ±1
where
cr(z1, z2, z3, z4) =
(z1 − z2)(z3 − z4)
(z2 − z3)(z4 − z1) .
We thus have
z3 − z1
|z3 − z1|
z4 − z2
|z4 − z2| =
z2 − z1
|z2 − z1|
z4 − z3
|z4 − z3|
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and similarly for z˜. So
z˜3 − z˜1
|z˜3 − z˜1|
z˜4 − z˜2
|z˜4 − z˜2| = e
i(α1+α2+α3+α4)
z3 − z1
|z3 − z1|
z4 − z2
|z4 − z2|
z˜4 − z˜2
|z˜4 − z˜2| = e
i(α2+α4)
z4 − z2
|z4 − z2|

We consider edge flipping on triangle meshes: Suppose two triangles {ijk} and {jil} share a common
edge {ij}. We switch the edge {ij} for {kl} and produce two triangles {klj} and {lki}. A fact on
edge flipping is used [13]:
Lemma 7.3. Any two triangulations of a polygon are connected via edge flipping.
Proposition 7.4. Suppose C is a circle packing of the combinatorics of a triangle mesh G. We denote
z : V (MG) → C the medial graph formed by the tangency points of the circles. Then a realization
z˜ : V (MG) → C is the tangency points of another circle packing C˜ if and only if z and z˜ differ by
vertex rotation, i.e. there exists α : V (MG)→ R such that
z˜j − z˜i
|z˜j − z˜i| = e
i(αi+αj)
zj − zi
|zj − zi|
for every vertices i, j within the same face of the medial graph MG.
Proof. The medial graph MG has two types of faces. One type of them corresponds to the triangular
faces of G. The other type corresponds to the vertices of G which are cyclic polygons. We triangulate
each polygon without introducing new vertices. In this way, we obtain a triangle mesh TMG with
V (TMG) = V (MG). Furthermore, z and z˜ are the intersection points of two circle patterns with the
same pattern structure. By [17, Theorem 2.6], there exists α : V (TMG)→ R such that
z˜j − z˜i
|z˜j − z˜i| = e
i(αi+αj)
zj − zi
|zj − zi|
for every {ij} ∈ E(TMG). Lemma 7.2 and 7.3 imply α is independent of the triangulation. 
7.2. Discrete harmonic functions. Various graph Laplacians have been proposed with different
edge weights. The cotangent Laplacian is a graph Laplacian usually defined on a triangle mesh with
cotangent weights induced from edge lengths:
Definition 7.5. Suppose z : V → C is a realization of a triangle mesh. A function u : V → R is
harmonic with respect to the cotangent Laplacian if for every interior vertex i∑
j
(cot∠jki+ cot∠ilj)(uj − ui) = 0
where {ijk}, {jil} are two neighboring faces sharing edge {ij} (see Figure 1).
Discrete harmonic functions were introduced on the square lattice by Ferrand [9] and Duffin [7]
in terms of discrete Cauchy-Riemann equations. This notion was later generalized to triangular
meshes and led to the cotangent Laplacian, which is central to linear discrete complex analysis [6]. A
convergence result of discrete harmonic functions was discussed in [23].
The cotangent Laplacian can be generalized to meshes where all faces are cyclic. To apply the
cotangent formula, one needs to triangulate the mesh by adding diagonals to all cyclic faces. However,
the cotangent weight on the diagonals vanishes because neighboring faces are inscribed in the same
circle and the sum of opposite angles is pi. This observation implies that the cotangent weights are
defined on the original edges of the given mesh and are independent of the triangulation.
Lemma 7.6. Suppose the medial graph MG is subdivided into a triangle mesh TMG with the vertex
set V (MG) = V (TMG) and edge set E(MG) ⊂ E(TMG). Using the notation in Fig. 1, we have the
following:
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(1) If {ij} ∈ E(TMG)− E(MG), then
cot∠jki+ cot∠ilj = 0
(2) If {ij} ∈ E(MG), then {ij} connects some tangency points Cu ∩ Cv and Cs ∩ Cv. We have
cot∠jki+ cot∠ilj = Rv
Rijk
+
Rijk
Rv
where Rv and Rijk are the radii of circles Cv and Cijk.
In particular, the cotangent weights are well defined on the medial graph MG and are independent of
the triangulation.
Proof. If {ij} ∈ E(TMG) − E(MG), then zi, zj , zk, zl are con-cyclic points, we either have the sum
of angles
∠jki+ ∠ilj = pi or 0
which both leads to cot∠jki+ cot∠ilj = 0. If {ij} ∈ E(MG), then the circles Cijk and Cv intersect
orthogonally. We have ∠jki = pi/2− ∠ilj and cot∠jki = Rijk/Rv. 
In the proposition below, the relation between (1) and (2) below has been shown by Glickenstein
[10] while the one between (1) and (3) is similar to the case for circle patterns [17].
Proposition 7.7. Using the notation in Fig. 1, there is a one-to-one correspondence between
(1) infinitesimal deformations of a circle packing up to a Euclidean motion;
(2) discrete harmonic functions σ : V (G)→ R satisfying for every u ∈ Vint(G)∑
v
Rijk +Rimn
Ru +Rv
(σv − σu) = 0
where σ describes the change of radii R˙ = σR;
(3) discrete harmonic functions on the medial graph α : V (MG)→ R in the sense of the cotangent
Laplacian, i.e. for every i ∈ V (MG)
0 =(
Rv
Rijk
+
Rijk
Rv
)(αj − αi) + ( Ru
Rijk
+
Rijk
Ru
)(αk − αi)
+ (
Rv
Rimn
+
Rimn
Rv
)(αn − αi) + ( Ru
Rimn
+
Rimn
Ru
)(αm − αi)
Here α is induced from infinitesimal vertex rotation on the medial graph.
The two types of harmonic functions in (2) and (3) are related via
αi = ηuvs − Rijk
Ru +Rv
(σv − σu)
where η : F (G)→ R is a harmonic conjugate of σ.
Proof. Here we mainly show the correspondence between the two types of discrete harmonic functions,
though along the way the statements (1) =⇒ (3) and (1) =⇒ (2) are proven. Every circle packing
can be described by the centers cu ∈ C and the radii Ru of the circles satisfying for every uv ∈ E(G):
|cv − cu|2 = (Ru +Ru)2
A first order change of the centers c˙ and the radii R˙ describe an infinitesimal deformation of a circle
packing if and only if
〈c˙v − c˙u, cv − cu〉 = (R˙u + R˙u)(Ru +Ru)
or equivalently
c˙v − c˙u = ( R˙u + R˙v
Ru +Rv
+ iαi)(cv − cu) = (σuRu + σvRv
Ru +Rv
+ iαi)(cv − cu)
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for some αi ∈ R and σ := R˙/R. Here {i} is a vertex of the medial graph which corresponds to the
edge {uv}. We claim that both σ and α are discrete harmonic functions.
For a triangle {uvs} ∈ F (G), we denote the tangency points zi ∈ Cu∩Cv, zj ∈ Cv∩Cs, zk ∈ Cs∩Cu
and Rijk the radius of circle Cijk through zi, zj , zk. Since Cijk and Cu are orthogonal
zj − zi = Rv( cv − cu
Ru +Rv
+
cs − cv
Rs +Rv
) = iRijk(
cv − cu
Rv +Rv
− cs − cv
Rs +Rv
).
and similarly for zk − zj , zi − zk. Hence
0 =(c˙v − c˙u) + (c˙s − c˙v) + (c˙u − c˙s)
= σuRu(
cu − cs
Ru +Rs
+
cv − cu
Rv +Ru
) + σvRv(
cv − cu
Rv +Ru
+
cs − cv
Rs +Rv
) + σsRs(
ck − cv
Rv +Rk
+
cu − cs
Rs +Ru
)
+ iαi(cv − cu) + iαj(cs − cv) + iαk(cu − cs)
= i(
Rijk
Ru +Rv
(σv − σu) + αi)(cv − cu) + i( Rijk
Rv +Rs
(σs − σv) + αj)(cs − cv)
+ i(
Rijk
Rs +Ru
(σu − σs) + αk)(cu − cs)
Since dim{spanR{cj − ci, ck − cj , ci − ck}} = 2 and (cj − ci) + (ck − cj) + (ci − ck) = 0, there exists
ηuvs ∈ R such that
ηuvs =
Rijk
Ru +Rv
(σv − σu) + αi = Rijk
Rv +Rs
(σs − σv) + αj = Rijk
Rs +Ru
(σu − σs) + αk(10)
Thus, ∑
v
Rijk +Rimn
Ru +Rv
(σv − σu) =
∑
v
ηuvs − ηvut = 0
which proves the claim (1) =⇒ (2) and η : F → R is called a harmonic conjugate of σ. Together
with the identity R2ijk = RuRvRs/(Ru +Rv +Rs) one can also rewrite Eq. (10) to obtain
(
Rv
Rijk
+
Rijk
Rv
)(αj − αi) = Rs +Rv
Ru +Rv +Rs
(σv − σu) + Ru +Rv
Ru +Rv +Rs
(σv − σs)
and deduce α is a discrete harmonic function with respect to the cotangent Laplacian. 
Combining Proposition 4.2, 4.6 and 7.7, we have three equivalent ways to parameterize infinitesimal
deformations of circle packings.
Corollary 7.8. Each of the following has a one-to-one correspondence with infinitesimal deformations
of circle packings up to a trivial motion:
(1) Holomorphic quadratic differentials of general type (infinitesimal change in cross ratios as
circle patterns).
(2) Holomorphic quadratic differentials of Koebe type (infinitesimal change in cross ratios as circle
packings).
(3) Discrete harmonic functions in the sense of the cotangent Laplacian (infinitesimal change in
vertex rotation).
In the corollary, trivial infinitesimal deformations for discrete harmonic functions are translation
and scaling while those for holomorphic quadratic differentials are Mo¨bius transformations.
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